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1. Introduction and Preliminaries

Several authors discovered a number of intriguing integral operators compris-
ing multiple kinds of special functions that could be useful in many diverse fields
of physics, engineering, and applied sciences. Jain et al. [7], Singh et al. [22],
Ghayasuddin et al. [6], Khan et al. [11], and we may refer to [3], [5] & [10], etc.
Recently, Bessel function theory has become inextricably linked to the theory of
certain forms of differential equations. The reader might refer to Watson [24] for
a full overview of Bessel function applications. In this section, we are conscious
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of some work that was done earlier and is more well-known. The Bessel-Maitland
function is described in the following way, according to [14]:

A - (—==2)"
g ; . 1
a = T(Am +p+ Lm!’ (A>0;z€C) (1)

Jain et al. [7] set out the specified function J; ,(2) as

9=3 1) (z/2) (A> 0,0 € C; 2 € O(—o0,0)
FAm—l—o—i—u—i—l)F(m—i—a—i—l)m!’ e ’ e
(2)

m=0

Singh et al. [22] implement the specified function J)) (2) as

o0

)\w
I ZF)\m—l—qul)m" (3)

m=0
where p,w, A € C,such that R(p) > —1,R(A) > 0,R(w) > 0;¢ € (0,1) UN,
(@)o = 1,and (w)gm = 25,
The following are the details of the new Bessel-Maitland function extension that
Ghayasuddin et al. [6] investigate:

[e.e]

AE () (—=2)"(@)gm
T (= _Zor O+ 1+ 1)(Cm )

where u, @, A\, ¢ € C, such that R(u) > —1,R(A) > 0,R(w) > 0,R({) > 0,0, >0
and ¢ <R+

Khan et al. [11] have explored a novel generalized Bessel-Maitland function,
which is defined as:

voir (S (=)@
Tuzas6®) = 2 T s it DO ®)

=0

where pu, @, \,(,7,0.p € C,such that R(u) > —1 %()\) > 0,R(7) > 0,R(w) >
0,R(C) >0,R(E) >0,0,0,¢,p>0and qg< RN+
The classical beta function given by [21]:

1
B(n,©) = / (1 - )0 = —HO)
0
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(23] provides the Wright generalized hypergeometric function defined as:

(617f1)7(627f2)7-“'7(ep7fp)_Z _ - Hf:l(ez_._fzm) ﬁ
(91, 71), (92, ha), ..., (9g, Pg)’ £ =i (g5 + hym) m!

quq (7)

Provided that p,¢g € N = NgU {0},e;,9; € C and fi,h; € R, (f;,h; # 0;i =
1,2,..,p;7=1,2...,q).

We also discuss the Hadamard product of two analytical functions because it
is pertinent to the current focus of our investigation. This will assist us in abating
the function that has emerged as a result of the product of two known functions.

h(z) = Z a.z" t(z) = Z b.z" (8)

r=0

be two power series with radii of convergence R; and R; respectively. Then,
their Hadamard product [20] is the power series demarcate by

(hxt)(z) = ab2". (9)

Hadamard product series (h * t)(z) has radius of convergence R if and only if
Ry,.R; < R. If one of the power series defines a function exactly, then the Hadamard
product series will do the same.

The H-function [18] can be described here by the mean of a Mellin-Barnes type
integral:

(fla Fl)’ (f27F2)7 e (fp7FP) sy
(917G1>7 (927 G2)7 ey (gq7Gq),

m,n __ m,n
Hp,q o Hp,q

L /L h(s)=—ds, (10

" omi

where
72 (g + Gis) I I'(1 — f; — Fis)

I, 1 I(1 = gi — Gis)IL_,  D(fi + Fis)’

and 27% = exp[—s{|z| +iargz}],z # 0,i = /=1, here |z| is the natural logarithm
of |z| and arg z is not assuredly the principal value and m,n,p,q are integers s.t.
1<m<q0<n<pF,GeR", fi,g; €C(i=12..,pj=12 ..,9.An
empty product in (11) is always interpreted as unity.The contour L in (10) splits
the poles of the gamma function I'(g; + G;s),i = 1,2,...,m from the Gamma
functions I'(1 — f; — Fs),i =1,2,...,n.

(11)

h(s) =
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2. Pathway integral representation of J::Zéif (@)

Pathway fractional integral (PFI) operator is a concept that was first proposed
by Nair [19].This concept is connected to the pathway model that was established
by Mathai [15] and Mathai & Haubold [16]. Due to the fact that it has such
widespread use in the scientific and technological domains, the pathway fractional
integral operator and pathway transform have been utilized by a great number
of researchers. Ranjan et al. [8], recently made use of this pathway operator in
their research by making use of the fractional integral operator, they were able
to determine certain fractional integral features of the generalized Bessel function.
The generalized extension of the K-Bessel Maitland function incorporating the
pathway integral operator was established by Ahamad et al. [2] in their paper.
They constructed the composition formulae for the pathway fractional integral
operator associated with the extended Wright-Bessel function. The formulas were
developed by Nirmal et al. [9]. Developing formulas for the pathway fractional
integral operator that is connected with the Extended Bessel function is another
goal for this sequel that we want to accomplish.

This operator can be considered of as a generalization of the traditional Riemann-
Liouville fractional integral operator, which can be characterized as follows:

X

(PE f) () = 2® /OM) (1 — M) o). (12)

Where Lebesgue measurable functionf € L(a,b) for real or complex term valued
function,
¢ €C,R(@) >0,a>0and Q<1 (9 is a pathway parameter).

The probability density function, also known as the p.d.f., is a model that
illustrates a pathway for a real scalar €2 and scalar random variables in the following
way:

f(x) 1 — a(1 — Q)[z]’) s, (13)

- |z

where z € (—00,00);0 > 0;3 > 0;1 — a(l — Q)|x]° > 0;v > 0 and c represent the
normalizing constant for the pathway parameters respectively.

Furthermore, the normalising constants for 2 € R are given as follows:
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(14)

tlof]s (Q—=1).

It has been demonstrated that if Q < 1, finite range density with 1 —a(1—Q)|z|® >
0, and (13) are members of the extended generalized type-1 beta family. Further-
more, the triangle density, uniform density, extended type-1 beta density, and a
number of other probability density functions are all precise special instances of
the pathway density function established in (13) for 2 < 1. For instance, if Q > 1
and by setting(l — Q) = —(Q2 — 1) in (12) yield

P = o (1+M)_ )y (15)

X

and ,
fl@) = m%“ + a2 — )]zl 7w, (16)
assuming that x € (—o0,00);0 > 0; 8 > 0;€ > 1 characterises the extended
generalized type-2 beta model for real x. The individual cases of the density func-
tion (16) hold the type-2 beta density function, the p density function, and the
density function. For Q — 1, (12) diminishes to the Laplace integral transform. In
a similar manner, if Q@ = 0,a = 1 and ¢ takes the place of ¢—1, then (12) diminishes

to the familiar Riemann-Liouville (R-L) fractional integral operator I ()

(P f)(x) = T(9) (fé’l(f)) (z), R(¢) > 1). (17)

Numerous fascinating demonstrations emerge as a consequence of the PFI oper-
ator (12), such as the fractional calculus connected to probability density functions
and the significance of these functions in statistical theory. Many researchers are
working on PFI formulae linked with a wide variety of special functions (see [1,4]).
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Main Results
The following theorems provide evidence for the existence of the pathway inte-
gral operator of the generalized Bessel-Maitland function:

Theorem 2.1. Let p,w,\ (,7,0.p € C be such that ®(u) > —1,R(A) > 0
R(7) > 0, R(w) > 0, R(C) >0, R(E) >0, 0,0,9, p >0 and g < R(A) +0,2 < 1,
R % > —1. Then there holds the following formula.

oty 10) x
P¢ Qrp—1 7A,@,(,p _ x Tl T A6, —
[t Jp,q,g,a,r,g(t)](z) [a(l _ Q)]d’ + 1—0Q JH,CLQJJ'»& &<1 — Q)

(¥, 1),(1,1)

a1 <1—Q>]' 1%)

Proof. Using equation (5) & (12) in L.H.S, then we get

x oWy

¢

s a1 =) T & @)gm () pm
e (1 : ) e

m=0

¢

é - )qm(T)pm g Pp+m—1 . a(l —Q)t o
=221 Am+u+1><<>gm<s>m/o " (1 : ) o

a(1-Q)t

If we now make the assumption that = g, then we are able to adjust the

limit of integration to be as follows:
¥ oo

(=D)™(@)gm(T) pm z
2 T+ s+ 1) O [a(l )

m

/0 (1 — y)a (y)o+mtdy,

s i (—1)™(@) g (T) pm x rr(z/; +m)I(1 + 25)
[a(1 =¥ = T(Am + p+ 1) (Qom(§om |l = Q)] T +m+1+55)
By applying the Hadmard product (9) in above equation ,then we find the following

result,
= —xww i+ -—— ¢ JIEep T
[a(1 — Q)]¥ 1—Q ) reeoms| g1 —Q)
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(v, 1),(1,1)
X oWy o) T o |
1+ —"_ 1) a(l—-9
W+1+—g D dl=0)
Corollary 2.2. Leta=1,Q2=0,¢ = ¢—1, then the theorem 2.1 hold the following
result:

—X

(¥, 1), (1,1),

ISt Tmer (#)](z) = xTTLINEOr (2) x 50, ol

14,4,0,0,T,§ 1,4,0,0,T,§

—m] . (19)

Theorem 2.3. Let p,w,\,(,7,0.p € C be such that R(u) > —1, R(\) > 0,
R(r) > 0, R(w) > 0, R(¢) > 0,R(E) >0, 0,0,¢, p >0 and ¢ < R(A) + 0,2 > 1,

?R(% > —1. Then we have the following formula.

¢+ _
¢7Q 1/)_1 )\,W,C,p — w J— ¢ )\,w,C,p —x
P0+ [t Jm%@@ﬂf (t)](x) [—a(Q _ 1)]¢F (1 QO — 1) Ju,q,gyamf (a(Q _ 1))

(1), (1.1 .
(41— %,1)’@

Proof. Using equation (5) & (15) in L.H.S., then we have

X 21111 . (20)

—

) e a(Q — 1)t 1 e (=)™ (@)gm(T)pm
_x¢/0 t¥ (HT) mzom +u+1>(<>gm<€>amdt

- = (=D)"™(@)gm(T) pm @ Y+m—1 a(Q—1)t o
=3 e e (” : ) “

m=0

—a(Q-1)¢

let us assume =y, then we have

= 1;¢ _—x = (_l)m(w)qm(T)pm —T "
a(Q—1) LAm + p 4+ 1)(Com(E)om \ a2 —1)

m=0

1
></ (1—y)a iyt iy
0
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_ (=D (@)gm(T)pm
 [a( - wE:FAm+M+4XO m(&)om

x rF(zbﬂLm)F( - %)
—a(Q =1 D@p+m+1-5%)

Employing the Hadmard product (9) in the above equation, we arrive to the fol-
lowing conclusion:

= ﬂp 1— o N SES I
[—a(Q —1)]¥ Q—1 ) meeomi| g(Q —1)

(¥, 1), (1,1)

¢ $;j%—l
(1= g—71) (Q-1)

x oWy

3. P-transform or pathway transform of Ji:gi;f’ﬂg(x)

In this section, we are going to figure out the pathway transform of the gen-
eralized Bessel function. The P-transform, also known as the pathway transform,
is a generalization of the Kratzel transform as well as a number of other integral
transforms that are already in use. In 2011, Kumar [13] introduced the pathway
transform, which is obtained by applying the pathway model of Mathai [15] and
further developed by Mathai and Haubold [17]. In addition, Mathai and Haubold

[17] further developed the pathway model, which is represented as
(P f)(a /)D t)dt, x>0, (21)
where D,’sf(m) is given as
D5 (x) = / W1+ a(¢— D) T e ™ du, @ > 0, (22)
0

If we utilize the kernel function given by (22), we may claim that (21)is a type 2
P-transform, where y € C;a > 0,0 >0 and k € R,k # 0, ¢ > 1.

[

w11 —a(l — ¢)u“)ﬁ6_““76du, x> 0. (23)

a(1-9)
D) = [ [
0

In this instance, we may state that (22) is a type 1 P-transform because y € C,a >
0,0 >0 and k > 0,¢ < 1. Both versions of the P- transform are defined in the
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space L, , of the measurable complex-valued lebesgue functions f for which

Hmwz{l Wﬂmg% <, (24)

for 1 <r <oo,v€ R, whena=1,6 =1 and ¢ — 1 than, we can observe that

lim¢_>1Df§7’f = ZX(x), (25)

K

where, as stated below, ZX(x) is the kernal function of the Krétzel transform
introduced by Kratzel [12].

K{f(r) = /000 ZX(xt)f(t)dt, x>0, (26)

and -
ZX(x) = / We T T gy, (27)
0

The following lemma from [13] is used to generate the type-2 P-transform of the
generalized Bessel function.

Lemma 3.1. Let x,n € C, such thata > 0,5 >0 and k € R,k # 0,0 > 1, R(x +

K

on) >0, R ﬁ—%‘sn > 0 when k > 0 and R(x +0n) <0, §R<ﬁ_x+6n> >0

when k < 0 then type-2P transform of power function is given by:

F(U)F(XJ;M)F (ﬁ _ xt@éﬁ)
Protan=1 ) (1) = 5 . 28
( ! >< ) |wl(z)1ale — DI T iy 2

(¢—1)
Theorem 3.2. Let x,n € C,such that a > 0,6 >0, K € R,k # 0,0 > 1, R(x +

d(n+m)) >0, %(ﬁ— M)) > 0 when k >0, and R(x+0(n+m)) <0,

K

o—1 K

?)‘E(L — <M>> > 0 when k < 0, then there holds the following formula:

EREY

1 1
Pli,é,qf)xn—l JA,WK(;PT (I) — J)‘vwﬂco’.pT
(X ) Isl(@)rla(o = DT gy \ala(o - 1)
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F(77+m)1“<¢i1 - (X+5(Z+m))>r<w>. (29)

Proof. Using equation (5) & (21) in L.H.S,then we have

o0

_ (=D)™(@)gm(T) pm
Z LM+ e+ 1)(C)gm (§)om

P)’:"S"z’a:mﬁ_l] (x)

o0

_ ( 1)m(w>qm<7—>ﬂm > X,¢ x m+n—1

= 2 T a0, e |, D e
(_1)m<w)qm(7)pm

— T(Am + p+ 1)(Q)om(E)om

/ / X1 4 a(p — 1)y*) o me = gmin-lgy gy,

[
Mg

Changing the order of integration

- )qm(T)pm
=2 I'( Am + -+ 1)(C)om(€)om

m=0

/ yX_l(l + a(Qb - 1)y“)(¢>11)dy/ e—a:ty—5tm+n_1 .
0 0

Now, let zty~° = z in the above equation, we have

= )qm(T)pm

T TR
00 00 mn—1 d

1 z Z

/0 P alo = 1) Ty | (l’y) p—

= (@)D (1)
I( /\m ‘I’ f+ D(Qom(Eom \ @

m=0

/ rromIm=l(] 4 (¢ — 1)y”)(¢11>dy/ e Mg,
0 0

M

M

(e 9]

W )gm\T ) pm I'(m+ o X+0(m—+n)—1 Lo
er\m—i-,u%—i)(g())(g)am ((x)m+v?)/0 YOI =L(] L g(p—1)y") =D dy.

m=0



Pathway Operator and Pathway Transform of Generalized Bessel Function — 173

Now let a(¢ — 1)y" = n in the given equation then, we get

[e.e]

_ 1 (_1)m(w)qm(7')pm ['(m + 1)
K 2 F(Am + 1+ 1)(Oom(Eom  (z)™F7
1

>] x+d(m+mn)

o /(n)W—l(HnWJan
ald—

using the beta function, we have

I ED™M@)an(om  T(m+n)
G ,;:0 Pm 4 g+ 1) () om(Eom ()™ H1

T <x+6(m+n)> T (% _ x+5(m+n)>
K -1 K
1
x+d(m+n) )
[a(¢ — 1) F(L>
o—1

we get the result given in equation (29).
In a similar vein, we are able to demonstrate the result for k < 0.

Corollary 3.3. In accordance with the preexisting conditions of theorem 3.2, if we
set a =1 and 6 = 1, then the Kratzel transform of the generalized Bessel function
s represented as follows:

o— 1

Ll e (1 X+ (m +n)
e (e (),

where R(m +n) >0 and R{ x + (m+mn) | >0 for x > 0.

. —1 A\,@,(, —1 tA\,@w,(,
lim (P;’1’¢x” lqu,Q?Uf’ﬂg(x)) (x) = (Kf,fx" 1Ju7q79faf’ﬂ§(x)>(x)

We are now presenting the Mellin-Barnes integral representation of the

generalized Bessel-Maitland function Jli’fg’ifﬂg(z)

Theorem 3.4. Let p,w, A\, (,7,p,& € C, such that R(u) > —1,R(\) > 0,R(p) >
0,R(¢) > 0,R(r) > 0, then Jl;\”fg’ifﬂ{(z) can be expressed by the Mellin-Barnes
integral type as follows:

bt 0 = TN [ T =Tl =0l — )
0,007 2mi T(T)(w) Jp T(p+ 1= As)I'(¢C — 0s)T'(§ — 09)

(—t)~*ds, (31)
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where all poles are separated at s = —n(n € Ng = NUO) to the left and at s = n+1
to the right, and the contour of integration L starts at ¢ — ioo and ends at ¢ + 100
for any ¢ > 0.

Proof. Equation (31)’s integrand contains poles at the points s = 0, —1, -2, ...
The poles are all placed to the left of the straight line contour ¢ — ioo to ¢ + ioo
for any ¢ > 0. Any infinite semi-circle can therefore encompass all of these poles,
and the residue theorem can be used to determine as

_ 1 TEOrE) L(s)I'(L —s)l(w —gs)I'(T —ps) |, )
 2mi (1) (w) /L I(pp4+1—=As)I'(C = 05)I'(& — 03)( B

T r<oz R, [COLL 0 ) —p9)

T I (w) = P +1=As)0(C = 0s)I'(€ — o)
_ TEOrQ) < ) L0 = )@ = gs)0( = ps) (-
F(T)F Z fm [ s+n) I(p+1—=As)I'(C— 0s)['(§ —0s) (=1) ]

_TOP©) §8 [ Tt DN - 9l gl —p) )|
B s> —nl(s+n—1)(s+n—2)...sl'(u+1—As)I'(¢ — 0s)['(§ — 05)
_ TEOr©) v [ + qn)I'(7 + pn) Ao

= 0IT(@) 2 TG T+ MT(C+ gmn(E s~ = et

Theorem 3.5. Let x,n € C,such that a > 0,0 > 0, k € R,k # 0,0 >
=) >0%<¢——<#>> - 0 when s> 0 and R(<502) <,

%(ﬁ — W < 0, when k < 0 then, type-2 P-transform of generalized

Bessel function holds the following formula:

5,0, 1 7A@.(,p _ TErE 1 1 1
f01“ k>0 (P A ‘]u,q,@xfmf (t)> (t) T T(M)N(w) |k|t7 [a(¢—1)}&~6q ( >
r

[<o,1> (=m0, (=70, (=), (1= X200, %)

1
(0.1, (=0 (1= G o) (1= €0, (57 = X2 2) (o - 1>1i]’

2,5
Hgs
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- 1,8, 11 —1 TAT,C,p — TOrQ 1 1 1
if £ <0 <P z ‘]u,q,g,o,fé(t)) (t) = DT (@) K1 14 1y X5
r{ s

0.1, (1= =m0, (L= 7.0, (1= 9,1, (1= 51 - (A0, =2)

1
(0.1, (.2, (1= G, 0), (1~ €0, (= 222, 22) talo - 1)121'

’
K K

2,5
Hys [

Proof. Let k > 0, using equation (31) & (21) in L.H.S, then we find

= [ gt L HOMO. [ IONA e Tt — )
)

i T (7)) T(,u—l—l—)\s (€ os)T(E —os)\ 1) dst

I(s)I'(1 — s)T'(w — gs) (o)1= 1)
/ T+ 1—As)T(C — ps)T (5_05)/ DX5 (at)t 15 (—1)"*dtd
_LF( L) [ D)L= $)L(w = g9)L(r = p5) Lsopnis,,

- 2mi /LF(M—Fl—)\S) I'(¢—os)T'(§ — O'S)PX o1 ds.

_II‘ IN(S

Using the equation (28),we find

_ 1 reEre) / L(s)I'(1 = s)[(w — ¢s)I'(1 — ps)
2 T(T) (@) J, T+ 1= As)I'(¢ — 0s)'(§ — os)
F(ﬁ _ S)F(X-MS?—S))F <ﬁ _ x+6:7—s)>

xcrdln=s)

Wl (tyla(o — DT oy

rOrQ 11 1 L L [ DN g9l o
() &) W O oo — D] (_) i Jo T+ 1= M)T(C — 03)T(E — 09)
¢o—1

1 h X+0(n—s) 1 x+d(n—s)
— | T(np—s)T r —
(t[aw—mn) (” >( z )((H z )

then,we get the result given in equation (32).
Similarly, we can prove the result (33) for k < 0.

Corollary 3.6. If the conditions of theorem 3.5 are met for a =1 and § = 1, then
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the Kratzel transform of the generalized Bessel function is given for k > 0,

. K —1 7\,@,(, — A\,@,C,
lim (PX’Ld)xn IJu,q,g,Caf,)T,f(I)> (I) = <K}>{Cx77 IJM,q,g,CU,pT,§<$>> (CC)

¢— 1

_DOPQ 11 s [(o,m,(l—w,q>,<1—r,p>,<1—n, 1>,(1—<X+”>,1).1]
; Ak

T T(r)T(@) x| )7 O.1), (i A). (1 C.g), (1 €. 0) kK K
(34)
and for k < 0,

R (Pf’l""f”‘lJi’fg’i’f’f,gw)) (2) = (sz"‘lJ:,’fg’?(;?T,g<x>> ()
TOr(¢) 1 1 L [01), (1 =m.9), (1 =7p), (1 =n,1) .
_rﬁﬂ%wﬂmuw%5Lamx—mAxa—g@xu—gﬂy(_(x:n%jkytl

(35)

4. Conclusion

We end this inquiry by noting that the findings are of a general nature and
can be applied to the theory of the pathway fractional integration operator to
derive various types of special functions. Characterising the pathway fractional
integral operator of the generalized Bessel function is the goal of this research. The
generalized Bessel function has certain defined specific cases, and further pathway
transformations have been made.
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